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Abstract
The purpose of this paper is to prove that the shriek map associated to a ﬁnite codimensional
sub-ﬁberwise embedding between Hilbert manifolds behaves properly in regard of the associated
Serre Spectral sequences. We apply this result to evaluate the Chas–Sullivan loop product of the total
space of a ﬁbration. Then, we compute up to extension issues the loop homology of sphere bundle of
spheres.
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0. Introduction
In this paper k is a ﬁxed commutative ring, (co)chain complexes and (co)homology are
with coefﬁcients in k. Let M be a path-connected closed oriented m-manifold and let LM
be the space free loops on M. M. Chas and D. Sullivan, in [2], have constructed a natural
product on the desuspension of the homology of the free loop space
H∗(LM) := H∗+m(LM)
so that H∗(LM) is a commutative graded algebra. This product is called the loop-product.
The purpose of this paper is to compute this algebra when the manifold M appears as the
total space of a ﬁber bundle.
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To be more accurate let us recall that if X and Y are two Hilbert connected smooth
manifolds without boundary and if f :X ↪→ Y is a smooth embedding of codimension
k <∞, there is a well deﬁned homomorphism of H∗(Y )-comodules
f! : H∗(Y ) → H∗−k(X)
called the homology shriek map f! (see Section 1 for details).
Our main result consists in showing that if f :X ↪→ Y is a sub-ﬁberwise embedding
(deﬁnition below) then f! behaves really properly with respect to the associated Serre
spectral sequences. The remaining results of the paper are consequences of our main result.
Deﬁnition 1. A sub-ﬁberwise embedding (f, f B) is a commutative diagram
where
(∗)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(a) X,X′, B and B ′ are connected Hilbert manifolds without boundary
(b) f (respectively f B) is a smooth embedding of ﬁnite codimension
kX (respectively kB)
(c) p and p′ are Serre ﬁbrations
(d) for some b ∈ B the induced map
f F :F := p−1(b) → p′−1(f (b)) := F ′
is an embedding of ﬁnite codimension kF
(e) embeddings f, f B and f F admit Thom classes.
Following the terminology of [4] we will also deﬁne a ﬁberwise embedding when f B =
idB and a pull-back embedding when the above diagram is a pull-back diagram and thus
f F = idF .
Let denote by C∗(X) the complex of singular chains on X.
Theorem 2. First part: Let (f, f B) : (X,B, p) ↪→ (X′, B ′, p′) be a sub-ﬁberwise embed-
ding. For each n0, there exist ﬁltrations
{0} ⊂ F0Cn(X) ⊂ F1Cn(X) ⊂ · · · ⊂ FnCn(X) = Cn(X)
{0} ⊂ F0Cn(X′) ⊂ F1Cn(X′) ⊂ · · · ⊂ FnCn(X′) = Cn(X′)
and a chain map f˜! : C∗(X′) → C∗−kX (X) representing f! : H∗(X′) → H∗−kX (X) at the
chain level satisfying
f˜!(FpCp+q(X′)) ⊂ Fp−kBCp+q−kX (X′), p, q ∈ N.
Second part: The above ﬁltrations induce the Serre spectral sequences of the ﬁbrations
(X,B, p) and (X′, B ′, p′), denoted by {Er [p]}r0 and {Er [p′]}r0. The chain map f˜!
induces a homomorphism of bidegree (−kB,−kF ) between the associated spectral
sequences
Er(f!) : Er [p′] → Er [p], r0
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At the E2-level, ifH(−) denotes the usual system of local coefﬁcients, then
E2(f!) = H∗(f B! ;H∗(f F! )) : E2s,t [p′] = Hs(B ′;Ht (F ′)) → E2s−kB,t−kF [p]
= Hs−kB (B;Ht−kF (F )).
Given a ﬁrst quadrant homology spectral sequence {Er}r0 it is natural, in our context,
to deﬁne the (kB, kF )-regraded spectral sequence {Er}r0 by
Er∗,∗ = Er∗+kB,∗+kF .
Now we apply Theorem 2 to build a multiplicative spectral sequence that converges to
the loop algebra of the total space of a ﬁbration.
Let us recall that Chas and Sullivan in [2] have deﬁned the loop-product using “quotes”.
Another description of the loop-product is the following, see for instance [3].
We consider the diagram
where
(a) ev(0)() = (0),  ∈ LM,
(b) the left hand square is a pull-back embedding.
(c) Comp denotes composition of free loops.
Here we assume that LM is a Hilbert manifold when we restrict to “smooth loops” and
thus (˜,) is a sub-ﬁberwise embedding of codimensionm. The loop-product x⊗y 	→ x◦y
is the composite map
H∗(LM)⊗2
×−→H∗(LM×2) ˜!−−−−−−→H∗−m(LM×MLM) H∗(Comp)−−−−−−−→H∗−m(LM).
Theorem 3. Let N → X →M be a Serre ﬁbration such that
(a) N, (respectivelyM) is a ﬁnite dimensional smooth closed orientedmanifold of dimension
n (respectively m),
(b) M is a connected space.
(c) the action of 1(M) on N is trivial.
Then the (m, n)-regraded Serre spectral sequence {Er [L]}r0 of the Serre ﬁbration
LN Li→LX L→LM is a multiplicative spectral sequence converging to the algebra H∗(LX).
In addition, the tensor product of graded algebras
H∗(LM) ⊗ H∗(LN)
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is a subalgebra of E2[L]. In particular if H∗(LM) is torsion free then
E2[] = H∗(LM) ⊗ H∗(LN).
Deﬁnition 4. This spectral sequence will be called hereafter the loop-product ((m, n)-
regraded) Serre spectral sequence.
Remark. The results of this paper will work with any homology theory (not just singular
homology) provided all embeddings are oriented in that theory, the Serre spectral sequence
being replaced by the Atiyah–Hirzebruch–Serre spectral sequence.
Using this loop-product spectral sequence and the Cohen–Jones–Yan spectral sequence
(see Theorem 1 of [3]), we compute (up to extension issues) the loop homology algebra
H∗(LSn) where Sn := {(x, v); x ∈ Sn v ∈ Tx(Sn) |v| = 1} denotes the sphere
bundle of Sn. More precisely, we prove in a last part (Section 5) the following theorem:
Theorem 5. Let E∗p,q(L) be the loop-product Serre spectral sequence associated to the
ﬁbration Sn−1 → Sn → Sn and E∗s,t (ev(0)) be the Cohen–Jones–Yan spectral sequence
associated to the ﬁbration Sn → LSn ev(0)→ Sn.
If n is odd, then
E∞∗,∗(L)H∗(LSn−1) ⊗ H∗(LSn) = 	[x, y] ⊗ 	(a, b, c)/(2ac, a2)
deg(x)=−n, deg(y)= n− 1, deg(a)=−(n− 1), deg(b)=−1 and deg(c)= 2(n− 1)− 2
as algebras.
If n is even, then there is a homomorphism of graded algebras
	(u, v)/(2v, v2) ⊗ 	(u¯, a) = H∗(Sn) ⊗ H∗(Sn) ↪→ E∞∗,∗(ev(0))
with deg(u) = −(2n − 1), deg(v) = −n, deg(u¯) = 2n − 2 and deg(a) = n − 2.
The homotopical invariance of the loop product is proved in [6]. Then, the result holds
for SO(n+1)/SO(n−1) that is the homogeneous space quotient of the group of orthogonal
matrices of determinant 1; and for F3(Sn) that is the conﬁguration space of three points on
Sn, since Sn  SO(n + 1)/SO(n − 1)  F3(Sn).
The paper will be organized as follows. In Section 1 we will recall the deﬁnition of the
shriek map associated to a smooth ﬁnite codimensional embedding. In Section 2, we recall
some classical results about spectral sequences. The main result Theorem 2 is proved in
Section 3. In Section 4, we prove Theorem 3. In the last section, Section 5, we compute an
example by proving Theorem 5.
1. Recollection on Thom–Pontryagin theory
The purpose of this section is to provide an accurate deﬁnition of the shriek map of an
embedding.
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1.1. Thom isomorphism
Let us recall that the Thom class of a disk bundle (Dk, Sk−1) → (E,E′) 
→B is a
cohomology class  ∈ Hk(E,E′) whose restriction to each ﬁber (Dk, Sk−1) is a generator
of Hk(Dk, Sk−1). Every disk bundle has a Thom class if k=F2. Every oriented disk bundle
has a Thom class with any ring of coefﬁcients k. If the disk bundle (
) has a Thom class
 then the composite H∗(E,E′)
∩−→ H∗−d(E) H∗(
)→ H∗−d(B) is an isomorphism of graded
modules, called the homology Thom isomorphism of the ﬁber bundle (
).
1.2. Shriek map
Let N and M be two smooth closed oriented manifolds and f : N ↪→ M be a smooth
embedding. For simplicity, we identify f (N) with N. Let assume further that N is a closed
subspace of M and that M admits a partition of unity; then there is a splitting
T (M)|N = T (N) ⊕ f ,
where f is called the normal ﬁber bundle of the embedding. The isomorphism class of f
is well deﬁned and depends only of the isotopy class of f.
Assume that the rank of f = k and denote by
(Dk, Sk−1) → (Dkf , Sk−1f )

f→N
the associated pair (disk, sphere) bundle. The restriction of the exponential map induces an
isomorphism  from (Dkf , S
k−1
f ) onto a regular tubular neighborhood (Tube f, Tube f ).
(See [7] chapter IV part 5 and 6 for existence and uniqueness of a tubular neighborhood of
an embedding.)
The Thom class f of the embedding f is the Thom class, whenever it exists, of the disk
bundle 
f .
By deﬁnition f! : H∗(M) −→ H∗−k(N) is the following composition:
where Exc denotes the excision isomorphism, jM : H∗(M) → H∗(M,M −N) the canon-
ical homomorphism induced by the inclusion of pair (M,∅) ⊂ (M,M − N).
2. Recollection on Serre spectral sequences
2.1. Some classical results about spectral sequences
In this section, we recall some deﬁnitions and results about the theory of spectral
sequences that are given in [8].
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Deﬁnition 6 (Mac Cleary [8, Deﬁnition 2.5]). An R-module A is a ﬁltered differential
graded module if
(1) A is a direct sum of submodules, A =⊕∞n=0An.
(2) There is an R-linear mapping, d : A → A of degree 1 (d : An → An+1) or degree -1
(d : An → An−1) satisfying d ◦ d = 0.
(3) A has a ﬁltrationF, and the differential d respects the ﬁltration, that is, d : FpA → FpA
Toaﬁltered differential gradedmodule is associated a spectral sequence.More accurately:
Theorem 7 (Mac Cleary [8, Theorem 2.6]). Each ﬁltered differential graded module
(A, d, F ∗) determines a spectral sequence, {Er∗,∗, dr}, r = 1, 2, . . . with dr of bidegree
(−r, r − 1) and
E1p,qHp+q(FpA/Fp−1A).
Suppose further that the ﬁltration is bounded, that is, for each dimension n, there are values
s = s(n) and t = t (n), so that
An = F tAn ⊃ F t−1An ⊃ · · · ⊃ F sAn ⊃ {0}
then the spectral sequence converges to H(A, d), that is
E∞p,qFpHp+q(A, d)/Fp−1Hp+q(A, d).
Now, let us recall the deﬁnitions of morphisms of differential graded ﬁltered modules
and of morphisms of spectral sequences [8, pp. 65–66].
Deﬁnition 8. A mapping  : (A, d, F ) → (A¯, d¯, F¯ ) with  : A → A¯ a morphism of
graded modules, such that ◦d = d¯ ◦ and  respects ﬁltrations, that is, (FpA) ⊂ F¯ pA¯,
is called a morphism of differential graded ﬁltered modules.
Deﬁnition 9. Given two spectral sequences, {Er∗,∗, dr} and {E¯r∗,∗, d¯r}, we deﬁne a mor-
phism of spectral sequences to be a sequence of homomorphisms of bigraded modules,
fr : (Er∗,∗, dr ) → (E¯r∗,∗, d¯r ), for all r of bidegree (0, 0), such that fr commutes with the
differentials, that is, fr ◦ dr = d¯r ◦ fr , and each fr+1 is induced by fr on homology, that is,
fr+1 is the composite
fr+1 : Er+1∗,∗ H(Er∗,∗, dr )
H(fr )−→ H(E¯r∗,∗, d¯r )E¯r+1∗,∗ .
In the paper, these notions of morphisms are extended to allow a shift of degree.
2.2. Serre spectral sequence for homology
The existence of the Serre spectral sequence of a ﬁbration is established in the following
result.
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Theorem 10 (Mac Cleary [8, Theorem 5.1]). Let G be an abelian group. Suppose F ↪→
E
→B is a Serre ﬁbration, where B is path-connected and F connected. Then there is a
ﬁrst quadrant spectral sequence, {Er∗,∗, dr} converging to H∗(E,G), with
E2p,qHp(B;Hq(F ;G))
the homology of the space B with local coefﬁcients in the homology of the ﬁber of .
Furthermore, this spectral sequence is natural with respect to ﬁber-preserving maps of
ﬁbrations.
For further use let us be precise as to how this spectral sequence arises ([8, pp. 167–174]).
We denote p the standard p-simplex, namely p = {(x0, . . . , xp) ∈ Rp+1; xi0,∑
xi=1}.Now, let us recall the followingnotationof [8] also used in [3].Number the vertices
of p {0, 1, . . . , p}. Then for a non-decreasing sequence of integers 0 i0 · · ·  irp,
deﬁne a map of simplices
(i0, i1, . . . , ip+q) : p+q → p
by requiring that (i0, i1, . . . , ip+q) be a linear map that sends the vertex k ofr to the vertex
ik of p.
Let FpCp+q(E) be the subgroup of Cp+q(E) generated by  : p+q → E such that the
following diagram commutes:
that is there exists a p-simplex of B,  : p → B, such that  ◦ =  ◦ (i0, . . . , ip+q). This
is an increasing ﬁltration with FpCp(E) = Cp(E). Then, this ﬁltration induces the Serre
spectral sequence converging to H∗(E).
3. Proof of the main result: Theorem 2
The purpose of this section is to prove our main result. To this end and following [3],
we ﬁrst of all describe the homology shriek map at the chain level. Then we study the
compatibility of this chain representative with a ﬁltration which yields a Serre spectral
sequence.
3.1. Shriek map of an embedding at the chain level
First, we need a classical result (see for instance [1, Chapter IV 17.5]) that states the
existence at the chain level of a chain map that induces in homology the inverse of the
excision isomorphism.
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Proposition 11. Let B ⊂ A ⊂ X topological spaces such that B is closed and A is open.
Then, there exists a quasi-isomorphism q : C∗(X,A) → C∗(X−B,A−B) which inverses
j : C∗(X − B,A − B) → C∗(X,A) in homology.
Then, we can prove the following proposition:
Proposition 12. Let f : X ↪→ X′ be an embedding of ﬁnite codimension k between con-
nectedHilbert manifolds without boundary. Assume that f admits aThom class .Then, there
exists a morphism of differential graded modules f˜! : C∗(X′) → C∗−k(X) that induces
f! : H∗(X′) → H∗−k(X) in homology.
Proof of Proposition 12. We will build f˜! as the composition of the six following chain
maps:
(1) i : C∗(X′) → C∗(X′, X′ − f (X)) is induced by the inclusion of pair.
(2) Let T be a regular tubular neighborhood of f (X) in X′ (see [7] for the existence of a
tubular neighborhood). The next map is q : C∗(X′, X′ − f (X)) → C∗(T , T − f (X))
built from Proposition 11 with X′ for X in the proposition, T for A, and X′ − T for B.
(3) SinceT is a regular neighborhood of f (X) inX′, then T is a strong deformation retract
of T − f (X), that is the inclusion j : T ↪→ T − f (X) admits a homotopy inverse
denoted by r. So, there exists a chain map r : C∗(T , T − f (X)) → C∗(T , T ).
(4) Let Dkf be a disk bundle associated to the embedding f as in Section 1 and Sk−1f
the corresponding sphere bundle. The restriction of the exponential map induces an
isomorphism of pairs −1 from (Dkf , S
k−1
f ) onto the tubular neighborhood (T , T ).
The inverse of this map induces the chain map
 : C∗(T , T ) → C∗(Dkf , Sk−1f ).
(5) Let ˜ ∈ Ck(Dkf , Sk−1f ) be a cocycle representing . Then, the cap product at the chain
level provides the morphism ˜ ∩ − : C∗(Dkf , Sk−1f ) → C∗−k(Dkf ).
(6) Let 
f : Dkf → X be the canonical projection. The last map in the deﬁnition of f˜! is
the map induced by 
f

f  : C∗−k(Dkf ) → C∗−k(X). 
3.2. Strategy of the proof of Theorem 2
We start by ﬁlteringC∗(X) andC∗(X′) as recalled in Section 2.2. Then, we need to check
that f˜! preserves the regraded ﬁltration that is: f˜!(FpCp+q(X′)) ⊂ Fp−kBCp+q−kX (X).
The naturality of the above ﬁltration according to continuous maps proves that i, r,
and 
f  preserve the induced ﬁltrations. Let choose some  inFpCp+q(X′, X′−f (X)). The
map q is a projection of a free module on another. As a consequence, if q()= 0, then q()
lies trivially inFpCp+q(T , T −f (X)). If q()=, then p¯() lies inFpCp+q(T , T −f (X)).
This proves that q preserves the ﬁltration. The more technical point is to prove that the cap
product with ˜ preserves the ﬁltration. That’s what we will prove now ﬁrst in two particular
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cases: the ﬁberwise embeddings and the pull-back embeddings. Then, we prove the theorem
in the general case of the sub-ﬁberwise embeddings (Deﬁnition 1).
3.3. The ﬁberwise embedding case
Lemma 13. Let us consider f : X ↪→ X′ of Deﬁnition 1. Denote k := kX the codimension
of this embedding. To this embedding, we associate as in Section 1 its disk bundle Dkf and
its sphere bundle Sk−1f . If we choose ˜ ∈ Ck(Dkf , Sk−1f ) representing  ∈ Hk(Dkf , Sk−1f )
the Thom class of f, then
FpCp+q(Dkf , S
k−1
f )
˜∩−−→FpCp+q−k(Dkf )
for p,q, integers, is a morphism of differential graded ﬁltered modules (dgfm for short).
Proof of Lemma 13. Let  ∈ FpCp+q(X′). Then there exists  ∈ Cp(B) such that
p′()=(i0, . . . , ip+q) (see Section 2.2 for the deﬁnition of (i0, . . . , ip+q)).Another way
to explain this is that the diagram
commutes. Thus ˜ ∩  is a chain of p + q − k-faces of simplices of . Then, the chain
˜ ∩  is a subchain of p + q − k-faces of subsimplices of . Consequently, the simplices
that generate the chain p′(˜ ∩ ) factorize by  namely ˜ ∩  lies in FpCp+q−k(Dkf ).
This proves that f!() lies in Fp(Cp+q(X)).
We still have to demonstrate that f! commutes with the differentials (the context being
clear enough to know which differential we refer to, all differentials are denoted by d).
Let c ∈ C∗(X′). Since d(f ) = 0 we have
d(˜ ∩ c) = d(˜) ∩ c + (−1)k ˜ ∩ dc
= (−1)kB ˜ ∩ dc.
This implies that d(f!(c)) = (−1)kf!(dc). This ends the proof of Lemma 13. 
The second part of the main result follows by classical theory of spectral sequences, more
exactly by Theorem 7 of Section 2.2.
It remains to explain what happens at the E2-level. Using the notation of Deﬁnition 1,
we have the following commutative diagram:
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This allows us to have a ﬁberwise description of the tubular neighborhood of the embedding
f. We denote by Tf this tubular neighborhood and by Tf|F the tubular neighborhood of f|F .
Then the diagram
commutes by construction.
Furthermore, we have immediately that if the upper square of the ﬁrst diagram is a pull-
back diagram then f|F = j ′
∗
(˜). Then, for some x ∈ Hn(F ′), n ∈ N, j ′∗(f|F ∩ x) =
j ′∗(j ′
∗
(˜ ∩ x)) = ˜ ∩ j ′∗(x). Since the other maps in the deﬁnition of the shriek map are
compatible with j ′∗, we have the following commutative square:
On the spectral sequences, this proves that E2∗,∗(f!) = H∗(id,H(f|F !)).
3.4. The pull-back embedding case
Lemma 14. Let consider f : X ↪→ X′ of Deﬁnition 1. Denote k := kB the codimension of
this embedding. To this embedding, we associate as in Section 1 its disk bundle Dkf and its
sphere bundle Sk−1f . If we choose ˜ ∈ Ck(Dkf , Sk−1f ) representing  ∈ Hk(Dkf , Sk−1f ) the
Thom class of f then
FpCp+q(Dkf , S
k−1
f )
˜∩−−→Fp−kCp+q−k(Dkf )
for p, q, integers, is a morphism of differential graded ﬁltered modules (dgfm for short).
Proof of Lemma 14. Let f B ∈ Hk(Dkf B , Sk−1f B ) be the Thom class of f B . Since in this
case the diagram of Deﬁnition 1 is a pull back-diagram, we have =p′∗(f B ). At the chain
level we can choose a cocycle representing the Thom classes, called ˜f B and ˜, such that
˜= p′( ˜f B ).
Choose some  ∈ FpCp+q(X′). If p′(˜ ∩ ) = 0, then p′(˜ ∩ ) lies trivially in Fp−k
Cp+q−k(X). Now, assume that p′(˜ ∩ ) = 0. By deﬁnition of the Serre ﬁltration, there
exists  ∈ Cp(B ′) and (i0, . . . , ip+q) such that p′() = (i0, . . . , ip+q).
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Thus
p′(˜ ∩ ) = p′(p′( ˜f B ) ∩ )
= ˜f B ∩ (i0, . . . , ip+q)
= f B ((ip+q−k, . . . , ip+q))(i0, . . . , ip+q−k).
Since ˜f B ((ip+q−k, . . . , ip+q)) = 0, the vertices ip+q−k, . . . , ip+q are pairwise distinct
then we can write (i0, . . . , ip+q−k) as an element of Cp−k(B ′) so that ˜ ∩ () lies in
Fp−kCp+q−k(X).
It remains to show that ˜ ∩ − commutes with the differentials. Let c ∈ C∗(X′); since
d(˜) = 0, we have: d(˜ ∩ c) = d(˜) ∩ c + (−1)k ˜ ∩ dc = (−1)k ˜ ∩ dc. 
The second part of the proof of the main result follows from Lemma 14 in the same
way as in the case of ﬁberwise embedding in the preceding subsection. Observe that at the
E2-level, E2(f!) = H∗(f B! ,H∗(id)).
3.5. The general case: sub-ﬁberwise embeddings
The proof is a direct consequence of Sections 3.3 and 3.4 since:
Lemma 15. A sub-ﬁberwise embedding (f, f B) (Deﬁnition 1) decomposes as the commu-
tative diagram
where the right part of the diagram is a pull-back diagram and the left part a ﬁberwise
embedding.
Proof of Lemma 15. We start by building the pull-back diagram from p′ and f B . Then,
we complete by the left part of the diagram.The lemma follows immediately by construction
of the diagram. 
4. String Serre spectral sequence (Theorem 3)
For any topological space T, the map L : map(T ,X) → map(T ,M) is a ﬁbration with
ﬁber map(T ,N). Since LX = map(S1, X) and LX×XLX = map(S1 ∨ S1, X), we have the
following ﬁbrations:
LN Li−−→LX L−−→LM and LN×NLN Li×iLi−−−−→LX×XLX L×rhoL−−−−→ LM×MLM
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and by looping the sub-ﬁberwise embedding
we obtain the sub-ﬁberwise embedding
where ˜X denotes the embedding obtained by pull-back of free loop spaces over diagonal
embedding. Applying our main result to this sub-ﬁberwise embedding, we prove that ˜X
induces amorphismof spectral sequences betweenE∗(L×L) the Serre spectral sequence
associated to the ﬁbration L × L : LX × LX → LM × LM and E∗(L×L) the
Serre spectral sequence associated to the ﬁbration L×L : LX×XLX → LM×MLM of
bidegree (−m,−n).
Finally, by naturality, the composition of loops: compX : LX×XLX → LX induces
a morphism E∗(compX∗) : E∗∗,∗(Li×iLi) → E∗∗,∗(Li). Since the loop product on LX
namely X is by deﬁnition compX∗ ◦ ˜X !, we have shown the compatibility of this Serre
spectral sequence (m, n)-regraded to this product.
The following diagram summarizes the situation and enables us to visualize what is
induced on the base and the ﬁber:
We remark that the morphism induced on the base (resp. the ﬁber) is the loop product for
LM (resp. LN). With this remark, we give a description of the multiplicative structure of the
spectral sequence at the E2-level
E2(X) = H(M ;H(N)):
E2∗,∗(LX)⊗2 = H∗(LM;H∗+n(LN))⊗2 → H∗(LM;H∗+n(LN)) = E2∗,∗(LX).
In many cases, the local coefﬁcients are constant. Indeed:
Lemma 16. If 1(M) acts trivially on N (up to homotopy), then 1(LM) acts trivially on
LN (up to homotopy).
Proof of Lemma 16. For a ﬁxed loop  ∈ M , the holonomy operation deﬁnes maps
 : N −→ N x 	→ .x.
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Since 1(M) acts trivially on N, there exists a homotopy H : N × I −→ N (x, t) 	→
H(x, t) such that H(x, 0)=x, and H(x, 1)=.x.We will show that the holonomy action
on a free loop is point by point this of the holonomy on H∗(N). For a ﬁxed  ∈ LM,
the holonomy action ofLM on LN (associated to the ﬁbration LN Li−−−−→LX Lp−−−−→LM)
yields
 : LN −→ LN, f 	→ (s 	→ (−,s)(f (s))).
Now the homotopy
H : LN × I −→ LN f (−), t 	→H(f (−), t) = (s 	→H(−, s)(f (s), t))
satisﬁes
H(f, 0) = (s 	→ H(−,s)(f (s), 0)) = f (−)),
H(f, 1) = (s 	→ H(−,s)(f (s), 1)) = (−,−).f (−) = .f . 
Considering that the lemma is consistent with the hypothesis of Theorem 3 (in particular,
the local coefﬁcients are constant) then E2∗,∗ =H∗+m(LM;H∗+n(LN)) contains H∗(LM)⊗
H(LN) as subalgebra.
5. The loop homology of sphere bundles of spheres
In this section,weproveTheorem5. First, recall that in [3], Cohen et al. computeH∗(LSn)
the loop-algebra of spheres. Let 	[x1, . . . , xn] denote the exterior algebra (over integers)
generated by x1, . . . , xn and let Z[a1, . . . , am] denote the polynomial algebra generated by
a1, . . . , am.
Theorem 17 (Cohen et al. [3, Theorem 2]). There exist isomorphims of graded algebras
(1)
H∗(LS1)  	[a] ⊗ Z[t, t−1],
where a ∈ H−1(LS1) and t, t−1 ∈ H0(LS1).
(2) For n> 1
H∗(LSn) =
{
	[a] ⊗ Z[u] for n odd,
(	[b] ⊗ Z[a, v]/(a2, ab, 2av) for n even,
where a ∈ H−n(LSn), b ∈ H−1(LSn), u ∈ Hn−1(LSn) and v ∈ H2n−2(LSn).
5.1. Case n odd
Wedraw theE2-termE2∗,∗(Lp)=H∗(LSn−1)⊗H∗(LSn)=	[x, y]⊗	(a, b, c)/(2ac, a2)
of the loop-product spectral sequence. Recall that deg(x) = −n, deg(y) = n − 1, deg(a) =
−(n − 1), deg(b) = −1 and deg(c) = 2(n − 1) − 2.
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In the preceding picture, X denotes Z and O denotes Z/2Z. Since the differential is a
derivation, we only need to prove that it vanishes on generators. This is clear for reasons of
degree for all generators but a. Let denote 0 and 1 the canonical sections in the following
commutative diagram:
This morphism of ﬁbrations induces a morphism of Serre spectral sequences Er∗,∗() →
Er∗,∗(L). Since the differentials of the left ﬁbration vanish, the differential dn(a) = 0.
5.2. Case n even
We begin by drawing the E2-term of the string Serre spectral sequence associated
to the ﬁbration Sn−1 → Sn → Sn, E2∗,∗(L) = H∗(LSn−1) ⊗ H∗(LSn) = 	[x, y] ⊗
	(a, b, c)/(2ac, a2). Then, we draw the E2-term of the Cohen–Jones–Yan spectral
sequence, E2∗,∗(ev(0)) = H−∗(Sn) ⊗ H∗(Sn) ⊕ Tor∗−1(H−∗(Sn),H∗(Sn)).
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We want to show that the spectral sequence E∗∗,∗(ev(0)) collapses. To this end, we use
its multiplicative structure namely we prove that all the differentials vanish on the gen-
erators of this multiplicative spectral sequence. Since the ﬁbration Sn → LSn →
Sn admits a section, we immediately obtain that for all k2
dk() = 0 and dk() = 0.
We start by proving that the only possible non zero differential on , namely d2n−1, van-
ishes. In the second spectral sequence, there is no element in E22n−3−q,q(L), q1 and no
element in E22n−1−q ′,q ′(L), q ′1. This proves that the generator of degree 2n − 2 sur-
vives in E∞(L) and consequently in E∞(ev(0)). Proving that the differentials from  in
Er∗,∗(ev(0)) vanish is more technical. Geometrically, it is shown in [5] that  ∈ Hn−2(Sn)
is represented by the image of the fundamental class of Sn−2 under the composite
Sn−2 → Sn−1 → Sn.
Then, we can point this element in E2n−2,0(Lp). In fact, =a◦c. Since for reasons of degree,
for all k2
d ′k(c) = 0 and d ′k(a) = 0
we have d ′k()= d ′k(a ◦ c)= d ′k(a) ◦ c + a ◦ d ′k(c)= 0. This proves that all the differentials
from  vanish that is dk() = 0, for all k0.
Acknowledgments
I wish to thank David Chataur, Sadok Kallel, Luc Menichi and Jean-Claude Thomas for
their valuable advice and their constant support. I also want to thank Grégoire Wambergue
for his rereading.
References
[1] G.E. Bredon, Topology and geometry, Graduate Texts in Mathematics, vol. 139, Springer, Berlin, 1993,
pp. 223–228.
[2] M. Chas, D. Sullivan, String topology, Preprint math.GT/9911159.
[3] R.L. Cohen, J.D.S. Jones, JunYan, The Loop-homologyAlgebra of Spheres and Projective Spaces, Categorical
Decomposition Techniques in Algebraic Topology, Progress in Mathematics, vol. 215, BirkhaÄuser-Verlag,
2004.
[4] M. Crabb, I. James, Fiberwise Homotopy Theory, Springer Monographs in Mathematics, Springer, Berlin,
1998.
[5] E.R. Fadell, S.Y. Husseini, Geometry and Topology of Conﬁguration Spaces, Springer Monograph in
Mathematics, Springer, Berlin, Heidelberg, 2001.
[6] K. Gruher, P. Salvatore, Generalized string topology operations, Preprint Arxiv:math.AT/0602210v1,
10 February 2006.
[7] S. Lang, Differential and Riemannian manifolds, third ed., Graduate Text in Mathematics, vol. 160, Springer,
NewYork, 1995, pp. 108–113.
[8] J. Mac Cleary, Users Guide to Spectral Sequences, second ed., Cambridge Studies inAdvanced Mathematics,
vol. 58, 2001.
